Abstract. This article is devoted to Cantor-like sets. We describe topological, metric and fractal properties of certain sets whose elements have restrictions on using digits or combinations of digits in own representations. Also, such properties are considered for the cases of special type of sets, i.e., sets whose elements represented in terms of certain series related with classical representations of real numbers.
Introduction
In 1977, the notion "fractal" was introduced by B. Mandelbrot in [8] . A fractal in the wide sense is a set whose topological dimension does not coincide with the Hausdorff-Besicovitch dimension (the fractal dimension), and in the narrow sense it is a set that has the fractional fractal dimension.
Fractals are the most appropriate mathematical models of natural objects. The importance of fractals lies in modeling of physical and biological processes, and also fractal is a strictly mathematical notion that unites various mathematical objects, e.g. continuous nowhere differentiable functions, singular distributions, curves and surfaces that do not have the tangent at any point, etc. (see [4, 5, 8] ). Indeed, the following examples are natural examples of fractals: the rings around planets (such fractals have the property of self-similarity), the snow cover in a mountain region, linear lightning, cloud borders, forms of coast lines or rivers. In fact, one can model coast lines and rivers by continuous nowhere differentiable functions. One of the oldest mathematical examples of fractals is the Cantor set C = x : x = ∞ n=1 α n 3 n , α n ∈ {0, 2} . This set was intoduced by G. Cantor in 1883. The last fractal is the part of such well-known fractals as the Sierpinski carpet, the Koch snowflake.
Fractal sets are widely applicated in computer design, algorithms of the compression to information, quantum mechanics, solid-state physics, analysis and categorizations of signals of various forms appearing in different areas (e.g. the analysis of exchange rate fluctuations in economics), etc. However, for much classes of fractals the problem of the Hausdorff-Besicovitch dimension calculation is difficult and the estimate of parameters on which the Hausdorff-Besicovitch dimension of certain classes of fractal sets depends is left out of consideration.
Consider space R n . In [9] , P. A. P. Moran introduced the following construction of sets and calculated the Hausdorff dimension of the limit set E = ∞ n=1 i1,...,in∈A0,p ∆ i1i2...in .
(
Here p is a fixed positive integer, A 0,p = {1, 2, . . . , p}, and sets ∆ i1i2...in are basic sets having the following properties:
• any set ∆ i1i2...in is closed and disjoint;
is the diameter of a set;
• each basic set is the closure of its interior;
• at each level the basic sets do not overlap (their interiors are disjoint);
• any basic set ∆ i1i2...ini is geometrically similar to ∆ i1i2...in ;
where σ i ∈ (0, 1) for i = 1, p.
The Hausdorff-Besicovitch dimension α 0 of the set E is the unique root of the following equation
It is easy to see that set (1) is a Cantor-like set and a self-similar fractal. The set E is called the Moran set.
Much research has been devoted to Moran-like constructions and Cantor-like sets (for example, see [10, 6, 11, 7, 2, 3] and references therein). For example, in [11] , the one parameter family of Cantor sets
Theorem 1 ([11]
). Suppose that the condition s − 1 < (l − 1) 2 holds. Here l is the cardinality of the set S = {s 1 , . . . , s l }, i.e., l = |S|. Then for almost all λ ∈ (with respect to Lebesgue measure) we have that
It is easy to see that we obtain the case of classical s-adic representation (2) whenever λ = 1 s . In this case, we get α 0 (Λ(λ)) = log s l.
The following theorem generalizes the last result. Let D = (d n ) be a fixed sequence of positive integers such that d n > 1 for all n ∈ N, ε n ∈ A dn = {0, 1, . . . , d n − 1}. Series of the form
are Cantor series introduced by G. Cantor in [1] . These series are generalizations of s-adic expansion (2), i.e., a Cantor series is the s-adic expansion whenever d n = const = s for all n ∈ N.
The present article is devoted to fractal sets whose elemens defined by certain representations of real numbers and series related with an alternating Cantor series and the nega-s-adic representation. The main attention is given to topological and metric properties of these sets, and also parameters, that the Hausdorff-Besicovitch dimension of such sets depends on these parameters. Sets considering in this article are determined by certain restrictions on using combinations of digits in representations of them elements. Also, the main attention is given to results obtained in the parers [15, 16, 17] published into Ukrainian.
Let us remark that, in September 2011 and February 2012, results of [15, 16] were presented by the author in the reports "The main topological, metric properties of one set of numbers such that it is defined by the s-adic representation with restrictions" and "The main topological, metric properties of one set defined by the nega-s-adic and s-adic representation with a parameter, and using this set" at the fractal analysis seminar of the Institute of Mathematics of NAS of Ukraine and the National Pedagogical Dragomanov University (archive of reports is available here: http://www.imath.kiev.ua/events/index.php?seminarId=21&archiv=1). In 2012, results of the papers [15, 16] were presented in the conference abstracts [12, 13, 14] . Also, the main results of these papers were published into English as the preprint [19] .
Definitions
We begin with definitions of several representations of real numbers and certain series. Let 1 < s be a fixed positive integer, A = {0, 1, . . . , s − 1} be an alphabet of the s-adic or nega-s-adic numeral system, and A 0 = A \ {0} = {1, 2, . . . , s − 1}, and
be the space of one-sided sequences of elements of A 0 . An expansion of a real number x ∈ [0, 1] in the form
where α n ∈ A, is called the s-adic expansion of x. By x = ∆ 
where α n ∈ A. If (k n ) is a certain fixed sequence of positive integers, then a series of the form
is a nega-s-adic series.
Suppose that
. Then we obtain the following series
where α m1+m2+···+mn ∈ A.
s+1 having a representation in form (4) have the following nega-s-adic representation
A series of the form
where ε n ∈ A n , is called an alternating Cantor series. In September 2013 (see the presentation (in Ukrainian) and the working paper (in Ukrainian) that available at https://www.researchgate.net/publication/303720347, https://www.researchgate.net/publication/316787375, respectively), the expansion of numbers by an alternating Cantor series was investigated as a numeral system, and presented in the the report "Representations of real numbers by alternating
Cantor series" at the fractal analysis seminar of Institute of Mathematics of NAS of Ukraine and the National Pedagogical Dragomanov University. These results were published in [18] .
An alternating Cantor series that is a nega-s-adic series is called a nega-s-adic Cantor series. That is
It is easy to see that the following statement is true.
Lemma 1 ([17]
). Nega-s-adic series (4) is an alternating Cantor series if and only if for any n ∈ N a sequence (m n ) is a sequence of odd positive integers and ε n = α n ∈ A as well.
is called a mixed s-adic series. Trivially, the last series is an alternating Cantor series.
We note that the case, when sequences (α n ) and (m n ) are interdependent, is interesting, e.g. when m n = α n ∈ A 0 for an arbitrary n ∈ N. In particular, we shall describe properties of the set
in the present article. Also, here the following set is considered:
where s > 1 is a fixed positive integer, α m1+m2+···+mn = 0 for all n ∈ N, and m n ∈ {3, 5, 7, . . . , 2i + 1, . . . }.
Fractal sets
Let us consider the Cantor set. Any element of the Cantor set has only the digits 0 and 2 in own ternary representation. This set is an uncountable, perfect, and nowhere dense set of zero Lebesgue measure. Also, this is a self-similar fractal whose Hausdorff-Besicovitch dimension is equal to log 3 2.
One can formulate a general theorem about values of the Hausdorff-Besicovitch dimension of a set whose elements have restrictions on using combinations of digits in own s-adic representation.
Theorem 3 ( [16, 19] ). Let E be a set whose elements represented by a finite number of fixed combinations σ 1 , σ 2 , . . . , σ m of s-adic digits in the s-adic numeral system. This theorem is interesting since fractal properties of many sets of special types follow from this theorem. For example, the following set, whose elements have a functional restriction on using digits in own the s-adic representation, was studied in [15] :
where s > 2 is a fixed positive integer. The last-mentioned set is the set of all numbers whose s-adic representations contain only the following combinations of s-adic digits:
1, 02, 003, . . . , 0 . .
The Hausdorff-Besicovitch dimension α 0 of the set S satisfies the equation
Suppose s > 2 be a fixed positive integer number. Consider a class Υ s of sets S (s,u) represented in the form
where u = 0, s − 1, u and s are fixed for the set S (s,u) . That is the class Υ s contains the sets S (s,0) , S (s,1) , . . . , S (s,s−1) . We say that Υ is a class of sets such that contains the classes Υ 3 , Υ 4 , . . . , Υ n , . . . .
It is easy to see that the set S (s,u) can be defined by the s-adic representation in the following form 16, 19] ). For an arbitrary u ∈ A the set S (s,u) is an uncountable, perfect, nowhere dense set of zero Lebesgue measure, and a self-similar fractal whose Hausdorff-Besicovitch dimension α 0 (S (s,u) ) satisfies the following equation To prove the last statement, the auxiliary notion "cylinder" is used. This notion is useful for study of local properties of considered sets (see the following lemma).
c1...cn... denote the equality
That is x 0 = ∆ 
where c 1 , c 2 , . . . , c n are fixed s-adic digits, c n = 0, c n = u, α n = u, α n = 0, and 2 < s ∈ N, n ∈ N. 
Lemma 2 ([16, 19]). Cylinders ∆
(5) The following relationships hold:
for all u < p;
The fifth property of the last lemma means the following:
• for any positive integer n cylinders ∆ • for any S (s,u) , n ∈ N, and c n = s − 1 the following condition holds:
For proving the nowhere density of S (s,u) , the last property is used.
Consider the set of all numbers whose s-adic representations contain only combinations of s-adic digits that is using in the s-adic representations of elements of S (s,u) .
ByS denote the set of all numbers whose s-adic representations contain only combinations of s-adic digits from the set Theorem 5 ( [16, 19] ). The setS is:
• an uncountable, perfect, and nowhere dense set of zero Lebesgue measure;
• a self-similar fractal, and its Hausdorff-Besicovitch dimension α 0 satisfies the following equation 
Here s 2 − 3s + 3 combinations of s-adic digits, i.e., the unique 1-digit combination and s − 1 k-digit combinations for all k = 2, s − 1. Our statement follows from Theorem 3.
Let us consider some fractal sets defined in terms of the nega-s-adic representation, a nega-s-adic Cantor series, and a mixed s-adic series.
Let s > 2 be a fixed positive integer.
Theorem 6 ([17]). The sets
• uncountable, perfect, nowhere dense sets of zero Lebesgue measure;
• self-similar fractals whose Hausdorff-Besicovitch dimension α 0 satisfies the following equation
The last theorem follows from properties of the following notions of cylinders.
c1c2...cn of rank n with base c 1 c 2 . . . c n is a set formed by all numbers of the set S (−s,0) with nega-s-representations in which the first n non-zero digits coincide with c 1 , c 2 , . . . , c n respectively. . . c n is a subset of S − with elemets for which the following condition holds:
where c 1 , c 2 , . . . , c n is an ordered tuple of numbers.
Lemma 3 ([17]
). Cylinders ∆ (−s,0) c1c2...cn have the following properties:
The main metric relationship is following: if n = 2k + 1,
(2) • left-to-right situated whenever n is odd, i.e., ∀k ∈ N : sup ∆ − c1c2...c 2k c 2k+1
It follows from the last-mentioned lemma that the following statements are true. Corollary 3. For an arbitrary x 0 ∈ S − the following condition holds:
Let u be a fixed positive integer from A. By S (−s,u) denote the set (a subset of the segment − s s+1 , 1 s+1 ) of all numbers x represented by the nega-s-adic expansion such that are of the form
,
This set is the following set
where (α n ) ∈ L, u = α n for all n ∈ N, and u is a fixed number. It was shown in [17] that the following statement is true.
Theorem 7. Let {σ 1 , σ 2 , . . . , σ m } be a fixed finite set of combinations (tuples) of nega-s-adic digits, E be a set whose elements have in own nega-s-adic representation only combinations of digits from the set {σ 1 , σ 2 , . . . , σ m }. Then the HausdorffBesicovitch dimension α 0 (E) of the set E satisfies the equation
where
The following statements follow from the last-mentioned theorem.
Theorem 8 ([17]
). The set S (−s,u) is:
• an uncountable, perfect, nowhere dense sets of zero Lebesgue measure;
• a self-similar fractal fractal, and its Hausdorff-Besicovitch dimension α 0 (S (−s,u) ) satisfies the equation Let us consider fractal sets whose elemets represented by nega-s-adic Cantor series. So, we considered topological, metric, and fractal properties of certain sets whose elements have restrictions on using digits in own expansions. For considered sets, the case of functional restrictions is equivalent to the case of restrictions on using combinations of digits. The simple methods for the calculation of the HausdorffBesicovitch dimension of such sets are described. In the case of the s-adic or negas-adic representations, the Hausdorff-Besicovitch dimension of a set whose elements have in own representations only combinations of digits from some fixed set of combinations of digits, depends on parameters as a number of k-digit combinations and numbers k. In addition, note that considered sets have the Moran structure. Similar investigations did not study for the case of generalizations of the s-adic or nega-s-adic representation. These investigations will be discussed by the author of the present article in a further paper.
